Abstract. In this paper we introduce statistically u-uniformly convergent sequences in Riesz spaces (vector lattices) and then we give a characterization of u-uniformly completeness of Riesz spaces.
1 n |{k : k ≤ n, |x k − x| ≥ ǫ}| = 0 for each 0 < ǫ, where the vertical bars denote the cardinality of the set which they enclose. Maddox [4] has generalized the notion statistical convergent sequence for locally convex spaces as follows: A sequence (x n ) in a locally convex space X which determined by the seminorms (q i ) i∈I , is said to be statistical convergent to x ∈ X if: lim n→∞ 1 n |{k : k ≤ n, q i (x n − x) ≥ ǫ}| = 0 for each 0 < ǫ and i ∈ I. A vector space X with a partial order ≤ is called an ordered vector space if αx + z ≤ αy + z for each z ∈ X whenever x ≤ y, 0 ≤ α ∈ R. An ordered vector space X is called a Riesz space (or vector lattice) if supremum of x, y ∈ X, x ∨ y := sup{x, y} exists for each x, y ∈ X. C(K)-spaces, l p -spaces and c 0 are natural examples of Riesz spaces. In a Riesz space X we write, 384 Z. Ercan for each x ∈ X. Let X be a Riesz space, u, x ∈ X, 0 < u and (x n ) be a sequence in X. (x n ) is said to be u-uniformly convergent to x (we write x n → x(u)) if for each 0 < ǫ, there exists n 0 such that |x n 0 +k − x| ≤ ǫu for each k. (x n ) is called u-uniformly Cauchy sequence if for each 0 < ǫ, there exists k such that |x n+k − x m+k | ≤ ǫu for each n, m. X is called relatively uniformly complete if each u-uniformly Cauchy sequence is u-uniformly convergent to some x. It is obvious that each u-uniformly convergent sequence is an u-uniformly Cauchy sequence. For more detail about u-uniformly convergent sequences, we refer to [5] .
We can modify the definition of statistically convergent sequence as follows. Definition 1. Let p > 0 be a real number and let X be a Riesz space, 0 < u ∈ X and (x n ) be a sequence in X. We say that (x n ) is p-statistical u-uniformly convergent to x if:
for each 0 < ǫ and we write x n p−st → x(u). If p = 1 then we say that (x n ) is statistical u-uniformly Cauchy sequence and we write x n st → x(u).
The proof of the following theorem immediately follows from the basic inequalities in Riesz spaces, so we omit the proof.
Theorem 2. Let X be a Riesz space and suppose that x n st → x(u) and y n st → y(v). Then we have
In particular,
A Riesz space X is called Archimedean if 0 ≤ x ≤ n −1 y (for each n) implies that x = 0. By using the previous theorem we can prove that in an Archimedean Riesz space statistical limit is unique. Proof. Let X be an Archimedean Riesz space, x n st → x(u) and x n st → y(u). Then |x n − x| + |x n − y| st → 0(u). Suppose that 0 < (|x − y| − ǫu) + for some 0 < ǫ. This implies that 0 < (|x n − x| + |x n − y| − ǫu) + for each n, which is a contradiction. Hence |x − y| ≤ ǫu for each 0 < ǫ. It implies that x = y. Conversely, suppose that 0 ≤ x ≤ n −1 y for each n. Then x n = x st → x(y) and x n = x st → 0(y). Since the limit is unique, we get x = 0. A relation between u-uniformly convergent sequences and statistical uuniformly convergent sequences can be given as follows.
Theorem 4. A sequence (x n ) in a Riesz space X is u-uniformly convergent if and only if it is u-uniformly Cauchy sequence and statistical u-uniformly convergent.
Proof
so there exists n 1 ≤ r 1 satisfying |x n 1 − x| ≤ 2 −1 u. Now we can construct r 2 such n 1 < 2r 2 such that
hence there exists n 1 < n 2 such that |x n 2 − x| ≤ 3 −1 u. Now by induction, we can claim that there exists a subsequence (x n k ) such that
Since each u-uniformly Cauchy sequence which has a u-uniformly convergent subsequence is u-uniformly convergent, the proof is completed.
Corollary 5. In an Archimedan Riesz space X, if a sequence (x n ) is increasing, and x n st → x(u) then x = sup x n (In symbols, if x n ↑ and x n st → x(u) then x n ↑ x).
Proof. From the proof of the above theorem we know that (x n ) has a subsequence (x k n ) with x k n → x(u), so x = sup x k n . Since (x n ) is increasing we have x = sup x n A real sequence (x n ) is called statistically Cauchy sequence if for each 0 < ǫ there exists a positive integer n(ǫ) such that Cauchy sequence, that is weaker than being statistical Cauchy sequence, namely statistical pre-Cauchy sequence (introduced in [2] ), that is, a sequence (x n ) is called statistical pre-Cauchy sequence if lim n→∞ 1 n 2 |{(i, j) : i, j ≤ n, ǫ < |x i − x j |}| = 0 for each 0 < ǫ. Each statistically pre-Cauchy sequence is statistically convergent. (see [2] , Theorem 2). In Riesz space statistically pre-Cauchy sequence can be modified as follows.
Definition 6. Let p > 0 be a real number. A sequence (x n ) in a Riesz space X is said to be statistical u-uniformly pre-Cauchy sequence ( 0 < u ∈ X) if for each 0 < ǫ,
and we say that X is p-statistical u-uniformly pre-complete if each statistical u-uniformly pre-Cauchy sequence is p-statistical u-uniformly convergent.
Lemma 7. In a Riesz space X, each statistical u-uniformly pre-Cauchy sequence (x n ) has a u-uniformly Cauchy subsequence (y k ).
Proof. By induction we can construct a strictly increasing sequence (n k ) of natural numbers such that
As limα k = ∞, It is clear that ∪ k A k is infinite. Let us denote
(1 < k).
Then each B k is finite and ∪ n B k is infinite. Now there exists a strictly increasing sequence (r k ) of natural numbers such that (i r n , j r k ) ∈ B r k with i r k < j r k . By taking n 2k−1 = i r k and n 2k = j r k we get
is a subsequence of (x n ) and satisfies the inequality
This implies that |y k − y k+i | ≤ 2 −k+1 u, so (y k ) is an u-uniformly Cauchy subsequence of (x n ).
Theorem 8. A Riesz space X is u-uniformly complete if and only if it is 2-statistical u-uniformly pre-complete.
Proof. Suppose that X is u-uniformly complete and (x n ) be a statistical uuniformly pre-Cauchy sequence. >From the lemma (x n ) has an u-uniformly Cauchy sequence (x k n ). From the hypothesis we have x k n → x(u) for some
for a given 0 < ǫ. Choose n k 0 , p 0 such that
for each i. It is obvious that for each k, if p ∈ A p 0 +k , then p ≤ p 0 + k and from the inequality 0 < (|x p − x| − ǫu) + ≤ (|x p − x k n 0 | − 2 −1 ǫu) + + (|x k n 0 − x| − 2 −1 ǫu) + we have (p, k n 0 ) ∈ B p 0 +k , so |A p 0 +i | ≤ |B p 0 +i | for each i. Hence
for each i and it completes the proof in one direction. Conversely, suppose that X is 2-statistical u-uniformly pre-complete and (x n ) be an u-uniformly Cauchy sequence. Then it is u-statistical uniformly convergent sequence, so x n st → x(u) and there exists a subsequence (x k n ) of (x n ) with x k n → x(u) for some x ∈ X. Since (x n ) is u-uniformly Cauchy sequence, this completes the proof.
